Summary This paper develops a stability theorem and response bounds for non-conservative systems of the form M€ x þ ðD þ GÞ _ x þ ðK þ NÞx ¼ fðtÞ, with hermitian positive-definite matrices M; D and K, and skew-hermitian matrices G and N. To this end, we first find a Lyapunov function by solving the Lyapunov matrix equation. Then, if a system satisfies the condition of the stability theorem, the associated Lyapunov function can be used to obtain response bounds for the norms as well as for the individual coordinates of the solution. Examples from rotor dynamics illustrate the results.
Introduction
In this paper, we study stability properties and response bounds for linear mechanical systems described by differential equations of the form
Here, M, D, and K are hermitian (in particular, real symmetric) matrices. The mass matrix M, the damping matrix D and the stiffness matrix K are all positive-
, where the asterisk* denotes the conjugate transpose. The matrix G of the gyroscopic forces and the matrix N of the circulatory forces are skew-hermitian ðG ¼ ÀG Ã , and N ¼ ÀN Ã Þ, in particular, real skew-symmetric. The vector x represents the generalized coordinates of the system and fðtÞ describes the excitation.
Recently, several authors [1] [2] [3] [4] [5] [6] [7] derived response bounds for linear stable systems for the case where N ¼ 0. Such bounds are important in engineering applications, as explained in detail in the references. To our knowledge, there exist no investigations of response bounds for linear systems of the form (1) with circulatory forces described by N 6 ¼ 0. Such skew-symmetric matrices N arise in the modelling of mechanical systems with follower forces, in formulation of rotor systems with internal damping and with sliding bearings, in turbines with unsymmetrical steam flow, in articulated pipes, etc. For almost a century it has been well known that circulatory forces can cause instabilities. Amplitude bounds for displacement and velocity in such non-conservative systems therefore only make sense if the system is stable.
In the following, we first deduce a sufficient condition for stability of non-conservative homogeneous systems. For this purpose, we find a Lyapunov function by solving the Lyapunov matrix equation. The stability condition obtained leads to the more restrictive stability criteria found in [10] for certain choices of the involved parameters. Then, we use this Lyapunov function to derive amplitude bounds for displacements and velocities in the homogeneous as well as in the inhomogeneous case. The developed results are illustrated by examples. Stability and Lyapunov's direct method Consider the homogeneous linear system obtained from (1)
Assuming solution of the form x ¼ qe kt , the stability of the system (2) can be understood in terms of the eigenvalue problem
The eigenvalues k are the roots of the characteristic polynomial of degree 2n, detðk 2 M þ kðD þ GÞ þ ðK þ NÞÞ. If all eigenvalues have negative real parts, then the system (2) is asymptotically stable.
The signs of the real parts can be investigated by the Routh-Hurwitz criterion. This is a somewhat cumbersome procedure. In many cases, one therefore prefers to discuss the stability expressed directly by such properties of the system matrices, which can be interpreted in a physical way. When applying the direct method of Lyapunov such an interpretation usually is possible.
Consider now the system (2) in the equivalent form of a first order system
where I is the identity matrix. A function VðzðtÞÞ is called a Lyapunov function for system (3) if V > 0 and the time derivative _ V 0 for all solutions zðtÞ of (3). The existence of such a Lyapunov function implies stability of the system (asymptotic stability if _ V < 0), see e.g.
[8], [9] . Lyapunov functions can be considered as generalized energy expressions and therefore it makes sense to look for V as a quadratic form in the coordinates and in the velocities
with a hermitian matrix P ¼ P Ã > 0. For the solutions of (3) we then have _ V ¼ zðtÞ Ã ðA Ã P þ PAÞzðtÞ, such that condition _ V 0 is expressed by the matrix Q ¼ Q Ã ! 0 of the Lyapunov matrix equation
We then have: The system (3) (and therefore also (2)) is asymptotically stable, if there exist hermitian matrices P > 0 and Q > 0, which satisfy the Lyapunov matrix equation (5).
Stability analysis
In this section, we derive suitable positive-definite hermitian matrices P and Q satisfying the Lyapunov matrix equation (5). This then ensures asymptotic stability of the system (3) and of the original system (2). Consider the matrices
